Nonlinear Science Seminar

The University of Tokyo, Komaba Campus
March 22, 2017

Lie Transform Perturbation Theory
for Hamiltonian Systems and its
Application to Guiding Center Motion

H. Sugama

National Institute for Fusion Science
SOKENDAI



OUTLINE

Hamiltonian Mechanics & Variational Principle
Hamiltonian Mechanics in Noncanonical Coordinates
Motion of a Charged Particle in Electromagnetic Fields
Formulation of Hamiltonian Mechanics based on 1-Form
Transform of Space, Coordinates & Functions

Lie Transform Perturbation Theory

Derivation of Guiding Center Motion Equations

Summary



Hamiltonian Mechanics & Variational Principle

Action integral [ = f,t:lp°('1 - H(q,p.1)|dt

Variational principle for deriving

Hamilton’s equations : (9, p)-space
- virtual . o
The real path (q(1), p(?) in displacement  (d(5), P(1y))
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Hamiltonian Mechanics in Noncanonical Coordinates

Canonical coordinates (q,p) in phase space 4=(q)ict;o

v p = (p: )!-l.--'.n
L(q,p,qt)=p-q—H(q,p,t)
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Variational principle in general (honcanonical) coordinates
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Canonical coordinates (q,p) as a special case (z)
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Equations of motion in general (honcanonical) coordinates (z)

2‘”' dz’ _ oh_ 07
= ¥ dt dz' ol

dz’ i 011*5/})_ . i 19
dt Z/ (az” l“_{z'h} Z{Z’Z }6‘1

phase space volume element (,!...q;"dp,---dp, = Ddz'---dz*
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Motion of a Charged Particle in Electromagnetic Fields

Electromagnetic fields E Y CI%‘;‘ B=¥ xA

Hamiltonian in canonical coordiantes (q, p)

p—i—A(q, ) +ed(q,t)

h‘zn((.).f):
can AL, P 8=

Canonical coordinates Noncanonical coordinates
 rm—

(q,p) z=(X,V)
q=X, p=mv- f—‘A(x. t)

Lagrangian and Hamiltonian in noncanonical coordinates

) L(,z,z,t):(mv—iA(x,t))-x—lz(z,t.)

hiz, t)= %m v|“+e® (x, t)
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L(z,z t)=vy(z,t)-2—h(zt) :(mwi Alx, t))-X—h (z, 1)
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Formulation of Hamiltonian Mechanics based on 1-Form

Fundamental 1-form on the (2n+1)-dimensional (z, f) space

2n+1
Y = Z vul2z)dz? = Z vilz, t)dz' —h(z, t)dt
@ =1

i =1

Action integral along the path / connecting I [ .
(zy,t;) and (z,,1,) ) g

The real path z(7) in phase space satisfies ¢/ = (0

where end points are fixed : 5z(t]) = (5Z(t3) = ()

The action integral / and the path z(#) derived from o6/ =0
are invariant under the gauge transform y' =y + dS

Where S5(z,t) is an arbitrary function.



2-form w derived from the exterior derivative of y

2% |
=ay= Z dy; ndz' —dh Adt

=1

R ),-_‘('3;, oh) i
—Z w;dz" Adz Z‘_&‘I‘ o dz" Adt

Put d7=0 in wto define Lagrange (covariant) tensor on z-space

W = Z w;dz' Adz’

Map @ : z-space to |tself is symplectic (or canonical) iff
QW=

Poisson (contravariant) tensor on z-space is defined by
_\! J] 0 _ & 0 S | 0
/ Z/ 0z' 9z’ Z J 0z

where (JY) is the inverse matrix of ().




Transformation of Space, Coordinates & Functions

m-dimensional space M (manifold)

Transformation 7 :M>a > Tla)eM

. 2 . M>aa—->2(a)=(z(a));~1.., €ER"
Two coordinate < i =1,

systems are related
each other by Z=T*2=20T

(a)=(T"z)a)=z(T(a))

VA
2*(a)=(T"z*)(a)=2"(T(a)) G=1,-,m)

—

ZoMaag—>Zla)=\Z*a izt S R™

Functionon M f:M=a — fla)eR

Is represented by
FR"sw=(w")y=1.m— Flw)eR

FR"sw=(w"),=1.0= F(w)eER in Z-coordinates

in Z -coordinates

fla)=F(z(a))=F(z(a))



Two pictures (or interpretations) for the function F

Passive picture :
F represents f in 7 -coordinates and
transfomation is done on coordinates.

Active picture :
F represents (7°/)"f in Z -coordinates and
transfomation is done on a function.



Two representations of 1-form y in two coordinate
systems

: ¢ - ‘_ Sy g £ § ' '

Passive picture :

7. represents y in 7 -coordinates and
transfomation is done on coordinates.

7 (2(a))=((T ‘)‘y:»(,(( 9 ) )‘
0g

\ ! a /

Active picture :
Vurepresents (7°/)"y in z-coordinates and
transfomation is done on 1-form.



Lie Transform Perturbation Theory

I : Transformation of (2n+1)-dimensional space to itself

Transformation zhelizt eglfel (ue=lss2nxl)
of coordnates N T L ‘

Transformation of _ 5.5 o 2mdl_ :
fundamental 1-form 7 = )y+dS= 37, (2)dz

u=l
Wewant 1 suchthat 7y (z) takes aconvenientform.
For example, if (}7“),“:1.....3,”1 is independent of :;”,

then 7" becomes an invariant of motion.

We use 7 which takes the form 1 =---11.1

where 7 =Exp(¢"G,) : Lietransformation

G, :vector field (differential operator)

n



Lie transformation 7 =Exp(¢"G)) G, : a vector field

Pushforward (differential) of 7

( ’1‘;; ),; m— (','X]) ( _ E” IJn ) —_— 1 _ 614;,- + C.) ( IJ” )—) = B

Lie derivative L, =L acting on a vector field X

[J)[X”_:[G;I'X]f G)]X XG)]

Pullback of 7,

2

(T ) :(‘X])(é““Lu ): 1 +eln + é:) Gl )2-|-...

Lie derivative L. = L. acting on a differential form ¢

Lne — i(Gn )(1(9 +di (.Gn )6



Map 7 =---T1)1, Yyields

Transformation of coordinates
2o =2

z TZ (Tl)(Tg)(T,)Z |:> 271 :G1Z
Zo+eZ +e22,+

z.,:(}) (Gl)z+63)z

Transformation of fundamental 1-form

70 =70 +dSy

Yy = (T Y v+
)4 (T ) }/+([.S E> =221 _1417(2|+(ISI

7: — ‘;/2 — [,])’1 +(%( 141 )2—14'_{))'” + (ISJ
Wecanuse L,y=i(G,)dy byincluding J4i(G)yinto dS

Determine G, and S, (n=12,...) whichmake Y, take
desirable forms.



Derivation of Guiding Center Motion Equations

Fundamental 1-form for a ol o | |
charged particle in the 4 :(_5 cAlxet)tm ")"‘x i dt
electromagnetic field

Hamiltonian /= 1) m|v|* +e®(x, et) £ <<1
e® ~ muv-
L b. -
- a =V
Motion o ¢
equations , | | ,
9 m dy =eE(X, et)+e l('\-*><B(x,<s{)
- ¢ ¢
¢E(x,et)= —eVO(x, et)—< O,A (x, et) r = &t
C oT

. _ ek D mev P
Drift ordering parameter ¢ T T T T T




Coordinates 2z=(z2"),_1.;=(xv,0,v.,7)
particle position
_ _ 6: gyrophase
particle velocity v=ybixz)+v clx,z,0)
=y b(x,7)—v.[sinfe;(x,7)+cosbes(x, )]

Fundamental y = Z yu(2)dz* =7y +o'V

1-form in the z o , |

coordinates i) = i’fA(x. r)-dx—( 1, m(v2+v?)+ed(x,1) )(lr
y't =m Iz' b(x,7)+v,c(x, rﬁll'(lx

Use Lie transform perturbation theory to derive new coordinates in
which ¥ is independent of the gyrophase dependence.

Then, the magnetic moment, which is the momentum conjugate to
the gyrophase, becomes an invariant.



Preparatory Lie transform PR Exp(e G")

G”)l—‘ CZ;’;'L a(v |Raa{9) a=bxc R=Ve,'ez
J .

@ xP) = (TP ) x=x—e—E _a(x 1)+ O(e?),
eB(x,7)
P =(T'")6=0+e(G'"”)R(x,7)+ O(e*),
TRl (g
vi”' =(7T'")*p, =v,,

P =(T® ) r=¢

cmy |
eB

a : Gyroradius of lowest orderin &£

R= Ve, "€, depends on how to choose (¢,.¢€,) [gyrogauge].



Preparatory Lie transform of fundamental 1-form

y - ((TUU) ) y = Exp( ELP) y = E_] z gn—(nj LI)= l-(G(]J_))d

n=0

Oth order
7(0) — ,,(0) —i—A(x, r)-(lx—(%m( vl + i) +ed(x, z-))(lr
i1storder 7' =7""—Ly" = myb-dx+ 2 a Ede
2nd order }7(2‘1 = —] (l|_+_1[ (0) _ —(2) Pl
7 J|)7 7,;: az
(9) 2ev” ¥ iR m=cv Uy " h
7 =~ 2L [R+(@ Vb-c)b] [ (b- vu -a) 1) (b ¥ <) e))
2eB SO eB S
_(2) _ mcv? o wila)
7o =BT T T =0

Magnetic moment

d d h H
of lowest order epends on gyrophase



Further Lie transform
T=--TT.T T =Exp(¢"G,)
Transformed fundamental 1-form )
C=T")Yy+dS=¢" 2 > R

f=()

Determine Gn and Sn (n=1,2,...) which make F('”

independent of gyrophase 0.

The new coordinates obtained from the Lie transform
satisfy the guiding center motion equations

in which the equation for the gyrophase is decoupled
and the magnetic moment (the variable conjugate to
the gyro phase) is conserved.

The results are shown in the following pages.



Guiding center coordinates (X, U/, @, 11, )

mev .
X=x-&——a

(’1)
. 53(‘2'?,'2 ‘:- (a- VB )4 = l‘-,' (h-V ><l)'>]a
e- 2B" s in '
|[ V(5.7 Vh-c)+2212% (b v )]1'
a-Vbh-a ¢-Vbh-c »-Vh-¢)lb
8B - 2 B- .
O(e l ;

: 2 P - cme v
U=v e(, F(D(e”) G,'= (‘)eb’ (a-Vh-¢) B (b-Vh-a)
(~)=6-a[ LMY, (o R)+G ! 1-0(52)

t’])
5 ; Gf = €p3-(c-VB) - 5 (c-E)
" = ‘ ))'llA \ _+_€ (")I o (Jl‘ 2 (zl'E)
2B(x,7) e mb - s cmuy,”
S (la-Vbh-a—¢-Vh- U+iT!l) Vh-c)
v z' ! ’
(3a-Vbh-e—c¢-Vh-a)
"ABS-
k. b-Vh-a) B) YNe®)
o (b-Vb-al+ -(a-V + e,
B ’B 2k




Guiding center coordinates (X U/, @, 1, 7)

Fundamental 1-form

—e 'HX, U, ¢, 7)dr

Y=g ‘0—‘1- "X, U, u,7)-dX+¢ "(I)C

(
where )
A X U pt)=AX1)+e"“UbX 1)-* 75 uR(X, 1)
Hamiltonian
H(X, U, g, t)——ml >+ uB(X, 1)+ e® (X, 7) + ""_‘“L (b-V xb)+0(&?)
Lagrangian

3 (\ it “x,"(").sr')—e A (X Up,t ). AX | me  dO _ -1px o, o)

dr’ dr dr ¢ dr



Poisson brackets

C e
Xy X,rm—E——NEb o : _ B
{ f } ("Bu r=l . IX’ 0 } { L' X} ITII‘))H.
X,0l=—{60,X}=¢ C,;l)XR {U.(-)}——{(~).L-"}——B",R
els, mb

o — Q) — 1_¢€
(O, ut=—{p.0)=e""— -

where
B* X U wri=VxA"X U 1)

B X T i.v =B X U, r)-h{X.r)




Equations of guiding center motion

dX 1 T B T
it _B”*[U B +ecb><(eVB E )]

No dependence on
the gyrophase ©

dl—U= — % (uVB—eE")
ar Lt} Magnetic moment
d6 _ -1eB U .y xp)+R-9X U =const
dt me 2 dt
dee _
dt .
« G ' -
where  y° = U+te u(b-Vxb)  The number of variables
: to be solved is reduced
E'=—vgr-1da° .
¢ or from six to four /!

Q" = (D+£g;‘;ﬂU(b-V xb)



Summary

The Lie transform perturbation theory is a convenient
method to find noncanonical coordinates in which the
fundamental 1-form and Hamiltonian’s canonical
equations are transformed into simpler structures.

As an example, derivation of the guiding center motion
equations is shown.
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